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The Seconc Represernting PFinction for Compourd
Situations*

1
An:drew Bruce

Carvl Pregiber
ard j
Johr ., Tukev

Technical Report No. 185, Series 2 i

Princeton Lniversity '
Cepartment of Statistics

Princetonr, New J2rsey (8544 1

H

ABSTRACT

1

A random veriable X with <distribution func-
tion F(Xx) can _?e written as x = R(u), where u =
F(x) erd R = F 7. the function R () is the
{(first) represerting function of X. For certain
selected distributions, this representirng function
can be easilv expressed (e.qg. logistic, Cauchv),
though in gereral, approximation or tabulation i
required (e.g. Gaussian, slash).

A situation {X, :i=1, ..., n} is a collection
of independently distributed random variables. If
the X, ere identically Aistribu~ed, the situation
is termesd gimnle, otherwisz the situation is terme?
compound. For example,

Xi ~ (1-<)F(xi) + <G(xi)

-
2

i a simple situation, whereas for €=k/r,
k=0,1

peee i

(l1-<)n X's ~ F(x)
<. X's ~ G (x)

is a compound situation,

For simple situations, the low-order moments -

2f the order statistics car be convenierntlv com- T H
Futed in terms of the (first) representing func-
tion of Xx. For compound situations, & first

mMarch 5, 1¢%81




Mmarch

representing function i3 not sufficient for  com-
puting these momerts. This pagper provides a con-
verient methou of computing the low-order noments
2f compound sitaation order statistics based on
higher order representing function. ‘ine explicit
derivation of the second representing furnctisrn i3
given. The one-wild-Gaussian situationr i3 23ed to
izlustrate the nethod. Tables of one-wilé-
Saussian order-statistic momerts are displaved for
selected sample sizes,
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l. Introduction.

Crder statistics piav an important role in statistics.
Marv aseful estimators are based on linear combinations of
order statistics (or selected subsets thereof). Informal
irferential grocedures (such as probabilitv plotting) are
alsy based on ovrder statistics. Of particular importance
are the low order moments of these quantities, specifically

the means, variances, and covariances. Tables of these

*Prepared 1in conhection with research at Princeton
University, supported bv the Army Research Cffice
iDurham).
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riowmerts exist for manv 3f the commorlv used samplirg situa-
tions., In almost all ceses, these situations ave "simple®,
corvespordirg to & sample of irdegperndent and iderticellv

istributed rarndom variabies, (lor an outstarnding exception

see LCavic, hennedv, arnd Xnight, 1977.)

In this paper vie provide a method of compiting low-
orcer moments of order statistics from "compound" situatiorns

of the form
n~-1 X's ~ F(x)
ore X ~ C(x) .
The method uses what we cell the s3econc representing func-

tion of X, namelv

)y |
TR (W g

where R<(u) = F;l(u) is the first representing function of X

for the simple situation
X, =~ F((Xi) = (l—()E(xi)+<G(Xi), i=l, o0, o

3

We illustrate the method using the ore-wild Gaussian conm-

pound situation
n~1 X's - J(x) = Gau(C,1)
one X ~ $(x/10) = Cau(n,100).

This compound situation has beern used extensivelv in studies

of robust/resistant estimates of locatian. The case vhere

March 9, 1¢¢1




G(x) = $(x/3) was 13ed earlier, and 1s are 2f the cases

tabulated bv Lavid, Kennredvy, ard Xnight (1S77). ‘lables of
the low-order moments 3f the corresponding order statistics

are long overdue.

Section 2 describes moment calculetions for simple-
situation order statistics irn terms of the first represent-
irg function. Section 3 describes moment calculations for
compound situation order statistics in terms of the second
representing function. The one-wild-Gaussian conipound

situation is used to illustrate the method ir Section 4.
2. Sinmple Situations.

Cornsider an iid sample {xi:i=l,...,n} of rardom vari-

ables with distribution fiunctiosn F(x). Let vi derote

X, .
(i)
the ith order statistic with v, < v, < ... < v . In con-
trast to the x's, the v's are neither independent nor ident-
ically distributed. Let H(vi,vj) cenote the joinrt distribu-

tion function of vi and vj. The product moment of vy ard vj

yj > Y is given by
V.
oo ]
mij = E(Vivj) = I J‘ vivj dH(Vi,Vj)
-0 -®

wherte dH(vi,vj) i5 proportional to

El v E(v) [F (V) =F(v) ]j'i’lf(vj) [l-F(vj)]r‘-jdvidvj . (1)

The change of variables u = F(v) i3 monotone so that

Mmarch 4, 1981
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-4 -
= 3. = F(v.
1 b (vi) < dJ (VJ)
anc the above exkression becones
1Y
mij = gA g R(ui)R(uj)ch(ui,uj)

where dh(ui,Jj) is proportiosnal to

i-1

. =y yJmiml
a4y (Lj Ji)

—‘..n‘j a.du, .
(1 IJ) dulcqj

Thus, given the representing function v = R(u), the low
order mements can he obtained, bv numericallv integratirg
over the unit triangle 7 < 9 < uj £ 1. Where the
representing function carnot be givern explicitliy, a numeri-

cal approximation to R(u) 13 reguired.
* a special form *

Cuadrature formulas to obtain an estimate ﬁij of
are sometimes more convenient if the region of integration

m. .
1]

is the unit sgquare rather than the unit triangle, and if
irtegqratiorn involves a product form in place of dh(ui,uj).
This i35 eesilv obtainred bv a further charqge of variables.

Let

u; = (1-2)w

1—4). = (1-2) (1-w)

whete 0 < w<1l, C <z<1l, Then u,-u, =z =2nl since the

N

AT L

i
i 4
1 3
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i n-j+i

Wi by 3= gy

dwdz .

That i3, w and z are independertliv distributed as beta ranr-

dom variables:

w o~ B(i,n=3j+1) and 2z ~ B(j-i,n=-j-i+l) .

The alternate expressivn for the product moment of vy ard vj
is therefore
11
= - J - 7 . .
L mij J J R(w(l=2))R(w(l z)+z)cpw(w)dpz(z)
¢ C
H If desired, one-~dimensional quadrature formulas specialized
for integrating a function of a beta-variable could now be
used, iterating the integral., The accuracv of such quadra-
i tiure rules has not been explored in detail.
3. Compound Situatiorns.
Consider a realization {xi:l=l,...,n} of random vari- 1

ables from
-k X's ~ F(x)
k X'3 ~ G (x) 4

for k=G, ...,n. Lot v, denote the ith srder statistic

i = X

£ +se &£ v . The product moment of v, arnd V3 i3

with v, < v

1 2

march 6, 1¢81
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mij = E(viqj) = -r { Vi“j el (Vi,ij}

b . .. . . . .
wicre h( )(vi,vj) i3 the joirnt distribution of vi ard vj.

This joirt distribution car be devived from that >f

I
‘(k) . . . ) - S Te ) -~ . -l ] S .
L (VieVor e v i = 32 k0 I Stvd(r=x)t I Fevy)
) N 1(3 léF
(k)
It i3 easv to see that the resulting formula for H(k)(vi,vj)

13 appreciablv nore cumbersome thar its simple-situation

counterpart. TLCirect integration over h(k)(

vi,vj) is not
particularly attractive, especiailv if there i3 a simpler

means to attairn the same end.
Consider the simple mixture situation

ki ~ F<(xi) = (l-<)b(xi) + <G(xi) i=1, «eor n .

The joint distribution of vy and vj is H<(Vi'vj) and can be
obtained using equation (l). This leads to the simple-

nixture-situation order statistic moments:

v

o J
mij(ﬂ =J 7 ViV d“<"”i""j)
-~ ~®
1Yy
= g g R<(ui)R<(uj)dH(ui,uj) .

1

where R<(u) = F; (u) is a first represerting function for

the nmixture.

“acrch 5, 1981
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Alternatively,

arv <,

T: .
4 - = S v -1 YA3Y ("\) . -
i.((vl,vj) f Pr{k-wild}l- L (wi,vj) .
h=0
Doon & n-< , (k)
= 3 (AT T (v v
k=0 .
The simple-mixture-situation order-statistic momerts are
0 vj
mij(<) = J J Vi3 ah<(vi,vj)
2 k kK % e K
= 3 (P Nk o - <
= kfo () € (1-<) J J YiV3 éh (vi,vj)
= —o-
L r-k (k)
= 3 () €m0 AR (2)
j k=0
; This fundamental relationship between mixture and k-wild
E order statistic moments allows the latter to be calculated
|
' simplv. In particular, for k=1, equation (2) becomes
n_(C) r=1 (1) 2
m, . = - P + Y - (1IN .
ﬂl](<) (1-<) m13 n€ (1-<) nl] + 0 (€7)

Differentiation with respect to € and evaluation at <€

0

leads

This

as a

to

.(0)
le=g = P

ij

(1)

+rml’ .
1]

d
Iy (€)

implies that the one-wild product moment can be written

linear combiration of the uncontaminated

procdiuct moment

and a term due to the contaminatiosn viz

March 9,
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(1) _ (o3 . 1)
Byt T R0 Y TRy (9 ean

rlgebraicallv, the correctinn factor i3 asbtaired bv ¢if-

ferentiating eguation (2):

1 s
d - ST e o , Do o
Y(-mij(<) —g {LFR<(\li) E<(dj) + .2<(l1i) Y{R<(-Jj)-l(.x.(\-‘i,-lj)

ard ther settirg <=0, to give

3
L

i

1
d _ , N N I 4
W‘nin)‘(___O -g‘ rRl‘“i)Ro“j) * R URY () TCR (U )

In this latter eqguation Ro(u) is the first represerting

function of X at €=0 contamination, and K, (u) is the secorc

1
|

representing function defined bv ;%R<(u)l<=p~

The corresponding compound-situation order-statistic

monents are obtained &3

9}
j
(1) _ (0),1 . S
L ‘r‘g [Rl(ui)RC(Jj)+RO(ui)R1(uj)]ch(ai,dj). (3)

(dote that the sample size enters the second term through
both n and dh(ui,uj).) This expression can be numericallv
evaluated with little extra effort bevond that for the
simple~situation moments m§g). Extensions to k-wild com-
pound situatisns are easily obtained as functions of the

representing functions of osrder up to k+l, where in general

March 2, 1931




!

. N .
A (‘é—{) [‘<(d) l(::v

&, The vre-iild-Jaussiar Situatior.

he row illustrate the preceding discussion wsing the

compounca situation
r-1 X's ~ §(x)
cne X - p(x/1C)y.

To do 30, we rneed an expression for the first represertirg

-1

function R<(u) = §<

(2) where

2 = b<(X) = (1-<)$(x) + <p(x/1C) .

how 3ince R(b(x)) = x, we have

R(b(x)) + <R (b (1)) o + 0 (<)

K (b (x))

1
J

Cp (x/10)-b(x) | + 0 (<)

X + <'E(§(X)>'L

where tv(u) is the sparsitv function é%R(u); see Kastings et
al (1¢47) for the original definition. For our purposes we
only note that r(u) is easily obtained as

ey = 4 - Tap -t S S
cul = g = 1TE ke BRI

>
Irn order to oktain an expression for R<(u) as x+0 (<€),

we irtrocduce h[R(b<(x))] = H(x)+0 (€) with




d(x) = (b (x))[b(x/1CG)-b(x}] .
This Zeads to

Il(b<(x))+<!i[R(b<(x))] = :<+O(<2)

X = R<(u) = R(Q) + <H{[{R(1)] + Q(éz) .

The first ard second representing functiong of X are row

»
2asilv obtaired as

Rn () R (1)

() {$ R (u)/1C)-a} .

Rl(u) H IR ()]

P(R(W 710) = 2
8(R(u))

The ore~wilc order statistic moments can now be ruaerically
evaluated bv suabstituting Rc(u) and Rl(u) into eguation (3).
Results of this are displaved in Table 1. he list the means
anc coavariances o0f the one-wild order statistics for samples
2f size n = 2(1)1C, For comparison parposes, the pure-
Gaussian order-statistic moments are displaved irn 1able 2,
A3 expected, the effects of contamination are most strongly
evidenced in the extreme (or end) order statistics. More

detaicd tables have been computed bv A, Bruce (19€C).

March 9, 1981
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